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A reduced-order model for combustion instability in a two-dimensional duct with a flameholder is presented. A

linear flame-response function for a premixed flame of arbitrary mean shape is derived using the G-equation

approach. Perturbations consisting of coupled axial and transverse modes are superimposed on system mean flow

conditions and analyzed for instability. Test cases involving variations of duct geometry, flameholder location, and

mean flame shape are considered for evaluating the reduced-order model. Mean flow and temperature conditions

andmean heat-release rate, needed as inputs to themodel, are obtained from highly resolved two-dimensional large-

eddy simulation data for the same geometry. The pressure power spectrum from large-eddy simulation is available

for two cases: 1) with the flameholder located symmetrically between the top and bottomwalls of the duct and 2) with

the flameholder offset vertically by a small distance relative to the duct height. For the first case, the large-eddy

simulation pressure power spectrum shows a dominant transverse instability mode that is also captured by the

model. In the second case, large-eddy simulation shows that a small vertical offset damps the dominant transverse

mode found in the zero-offset first case. The model also qualitatively supports this trend. For additional test cases in

which large-eddy simulation data are not available, the model is seen to produce qualitatively consistent trends.

Nomenclature

A�n = amplitudes of the waves propagating in the positive and
negative x directions

a = vertical distance between the flameholder and the upper
wall.

�c = mean sound speed
D = height of the duct
dA = area of the flame-surface element
f = functional form of the flame surface
hr = heat of reaction
k�n = axial wave numbers of the nth mode propagating in the

positive and negative x directions
Lf = length of the flame along the streamwise (axial)

direction
�M = mean flow Mach number ( �u= �c)
p0 = pressure fluctuation
Q = ensemble-averaged heat-release rate
~Q = instantaneous heat-release rate
q = ensemble-averaged heat-release rate per unit surface

area of the flame ( �q� q0)
�q = time-mean heat-release rate per unit surface area of the

flame
q0 = time-fluctuating heat-release rate per unit surface area

of the flame
sL = laminar burning velocity
sT = turbulent burning velocity
u, v = ensemble-averaged velocity components along the x

and y directions
�u = mean flow speed in the streamwise direction
u0, v0 = streamwise and transverse fluctuating velocities
u0n = velocity fluctuation normal to the mean flame surface
Zinlet = inlet impedance of the duct

� = ratio of specific heats
�� = mean density
� = equivalence ratio
� = complex frequency
�̂ = Fourier transform in frequency space
�� = time-mean value of a quantity
�0 = fluctuation from the time mean
~� = instantaneous value of a quantity

I. Introduction

F LAME and combustion instabilities have been an important
concern in the design and operation of combustors and

augmenters for a number of decades. Flame instability is associated
with combustor/augmenter operating conditions underwhich aflame
cannot be sustained and blowout occurs. Current physical
understanding of the blowout of bluff-body-stabilized flames owes
a lot to the pioneering work of a number of researchers about half a
century ago [1–6]. Recently, Soteriou andMehta [7] investigated the
relationship between flame vorticity dynamics and lean blowout of a
bluff-body-stabilized flame.

Combustion instability refers to self-excited acoustic (pressure)
oscillations generated by the feedback coupling between the natural
acoustic modes of the system and an oscillatory combustion process
such as heat-release oscillations [8–10]. The process of thermo-
acoustic coupling between the systempressure oscillations andflame
heat-release oscillations is illustrated schematically in Fig. 1.

Both flame and combustion instabilities may greatly affect
augmenter operability and may lead to severe restrictions in the
operating envelope of the augmenter. Consequently, there is
considerable interest in identifying mechanisms that drive these
instabilities and the conditions under which instabilities occur and in
developing practical approaches for their control. In this study, we
concern ourselves with only combustion instabilities.

Experimental and/or computational fluid dynamics (CFD)
parametric studies to map the stability boundaries of augmenters
are cost-prohibitive. Hence, efficient reduced-order analysis tools
capable of characterizing system instabilities have an important role
to play. Linear/nonlinear stability analysis is one such analytical
modeling tool. Linear stability analysis predicts the amplitude
growth rate of an acoustic mode in the limit of small perturbations.
The amplitude growth rate provides insight into the stability of a
given mode, but cannot be used to determine if any of the linearly
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unstable modes will reach a limit cycle that exceeds the design
specifications of the system. Nonlinear stability analysis can provide
information on limit-cycle amplitudes and can predict the system
response to nonlinear triggering events encountered, for example, in
rockets.

A number of researchers have studied reduced-order modeling of
combustion instabilities, particularly in 1-D geometries and less so in
2-D and 3-D geometries. Even in studies in which 2-D and 3-D
geometries are considered, coupling of nonaxial and axial modes
(e.g., coupling of radial, azimuthal, and axial modes in a cylindrical
combustor) is typically ignored because of the analytical complexity
it introduces. Most existing studies on combustion instability are
linear in nature. A comprehensive review of linear stability analysis
of gas turbine combustors was provided in reference [11].

Three-dimensional thermoacoustic oscillations in a premix
combustor were modeled by Akamatsu and Dowling [12], and the
coupling between variousmodeswas also included.Heat releasewas
considered to occur in a single plane at the exit of a premixing duct,
whereas heat-release oscillations were modeled simply as a function
of flow velocity perturbations at the fuel nozzle position. The former
assumption is strictly valid in the limit of low excitation Strouhal
numbers: that is, St��realLf=Uo � 1, where �real is the real part
of the complex frequency�,Lf is a typical length scale of the flame,
and Uo is a characteristic velocity scale. This assumption is rather
restrictive in the context of bluff-body-stabilized flames (see Fig. 2),
as our large-eddy simulation (LES) results will show.

Hubbard andDowling [13,14] studied thermoacoustic instabilities
in an industrial gas turbine system. In that study, they considered
fluctuations in equivalence ratio at the flame as a function of velocity
fluctuations in the fuel injector that have convected downstream to
the flame location. Along similar lines, Dowling and Hubbard [15],
Stow and Dowling [16], and Armitage et al. [17] have all studied
thermoacoustic oscillations in lean premixed combustors with
varying complexities in linear stability modeling, flame-response
function, and geometry. Work by other researchers on 3-D linear
stability analysis of a gas turbine combustor includes that of Fleifil
et al. [18], Wee et al. [19], and that of You et al. [20]. There has also
been a significant amount of research on nonlinear stability analysis
by Culick [21–23], Bumley and Culick [24], Margolis [25–27], and
Flandro et al. [28].

In spite of the extensive research on the topic of combustion
instabilities, it seems that an analytical study of a 2-D or a 3-D
flameholder configuration (see Fig. 2), which is of interest in an
augmenter, does not exist. An important modeling aspect of the
current work is to derive a flame-response function for a flame of
arbitrary quiescent shape. Existing studies of the flame-response
functions by Lieuwen [29], Lieuwen and Neumeier [30], Preetham
and Lieuwen [31,32], Dowling [33], and Kopitz et al. [34] assume
either simplified mean flame shapes (e.g., linear function of radial
direction) or that heat release occurs in a plane. Hence, flame-
response models are needed that are applicable to arbitrary mean
flame shapes, especially in bluff-body-stabilized-flame applications.
In view of the preceding discussion, there is a need to investigate the
effects of realistic flame shapes and their response functions as well

as of coupled 2-D and 3-D perturbations to get a more accurate
picture of combustion instability.

In the zonal-based reduced-order-modeling approach followed in
this study, some of the preceding modeling issues have been
addressed. The model predicts the stability of the mean system
conditions to coherent perturbations of small amplitude compared
with the mean conditions. First, we consider 2-D coupled axial and
transverse perturbations superimposed on mean conditions and
investigate their temporal evolution using linear stability analysis.
Further, we have developed a flame-response model that relates
fluctuations in heat-release rate to those in theflame-surface area for a
premixed flame of arbitrary mean shape. Mean system properties
such as the mean velocity field, temperature, and flame shape, which
are inputs to the model, are obtained from a priori 2-D LES data.
Model results will be validated against the highly resolved 2-D LES
data.

Next, we present a detailed derivation of the stability analysis
model, as well as of the flame-response function. The extensive
discussion of the modeling approach will also serve as a useful
tutorial. Subsequently, results from a number of test cases are
presented. Direct comparison with 2-D LES data are, however,
available only for two cases. For the other cases, qualitative trends
from model predictions are discussed.

II. Reduced-Order Model

To derive the reduced-order model, we begin with the
inhomogeneous linear acoustic-wave equation given by

1
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�D2p0

�Dt2
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�c2
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(1)

where
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� @

@t
� �u � r

�u is the mean velocity vector; p0 and q0v are the fluctuating
components of pressure and heat-release rate per unit volume,
respectively; �c is the mean sound speed; and � is the ratio of specific
heats.

Assuming that the mean flow is in the axial (x) direction, �u� �u î,
and considering regions with no unsteady heat release, the wave
equation in its 2-D Cartesian form is given by
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where y is the transverse direction and �M � �u= �c is the mean flow
Mach number.

Next, we derive the fluctuation forms of pressure, density, velocity
components, and vorticity. We begin in Secs. II.A–II.C by deriving
the respective fluctuation forms for a generic domain. Subsequently,
in Secs. II.D and II.E, we modify the generic fluctuation forms to
account for the specific domain of interest shown in Fig. 2.
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Fig. 1 Feedback coupling between pressure and heat-release

oscillations leading to combustion instability; p0�x; t�, !0�x; t�, and

s0�x; t� are fluctuations in pressure, vorticity vector, and entropy,

respectively.
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Fig. 2 Geometry and zonal network for the linear stability analysis of a

2-D bluff-body-stabilized flame.
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A. Generic Form of Pressure and Density Fluctuations

Assuming an impermeability boundary condition along the
transverse (y) direction, we can solveEq. (2) by applying @p0=@y� 0
at the two transverse boundaries (located at, say, y��L). In
Secs. II.A–II.C, for convenience, we consider a coordinate system
with y� 0 located midway between the two transverse boundaries.
However, the coordinate system used in the actual domain of interest
is indicated in Fig. 2 and is different from that in the current
discussion.

Using the impermeability boundary condition at y��L and
assuming harmonic temporal dependence of pressure fluctuations,
we can solve Eq. (2) for the complete form of p0�x; y; t	:

p0�x; y; t	 � ei�t
X1
n�1
�A�n eik

�
n x � A�n eik

�
n x	 cos

�
n�

L
y

�
(3)

where A�n and A�n are the amplitudes of waves propagating in the
positive and negative x directions, respectively. The wave numbers
in the positive and negative x directions, k�n and k�n , are

k�n �
� �M
�c

 ��2

�c2
� �1 � �M2	�n�

L
	2�1=2

�1 � �M2	
(4)

Density fluctuations resulting from the preceding pressure
fluctuations can be written as

�0�x; y; t	 � p
0�x; y; t	
�c2

� 1
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X1
n�1
�A�n eik

�
n x � A�n eik

�
n x	 cos

�
n�

L
y

�
(5)

B. Generic Form of Velocity Fluctuations

Axial velocity fluctuations u0�x; y; t	 can be obtained from the
linearized u0-momentum equation:
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Because we already knowp0�x; y; t	, we can readily obtain u0�x; y; t	
from the preceding equation, which given by
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The transverse velocity fluctuations v0�x; y; t	 can be obtained
from the v0-momentum equation, given by
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From the preceding equation, we get
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A useful attribute of the cos�n�y=L	 function is its orthonormality
property, as defined next:
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This property is used extensively for analytical simplification in the
analysis that follows.

C. Generic Form of Vorticity Fluctuations

In the current formulation, it is necessary to consider vorticity
fluctuations, as they play an important role in distorting the flame,
leading to flame-surface-area fluctuations. Vorticity fluctuations
convect with the mean flow (i.e., convect downstream) in the current
study. They can be represented as

u0!�x; y; t	 � ei�t
X1
n�1

V̂ne
�i�x= �u cos

�
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L
y

�
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n�1

V̂ne
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n�
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�
n�

L
y
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In the current analysis, we ignore entropy fluctuation effects.

D. Unknown Coefficients

So far, we have derived the generic fluctuation forms of pressure,
density, vorticity, and the two components of velocity. These
fluctuation forms are valid in regions without unsteady heat release.
The unknown terms in these fluctuations are the coefficients A�n and

V̂n (n� 1; 2; . . .). We therefore need to determine the equations that
can be solved for these unknown coefficients. Because we have
already used the impermeability boundary condition in deriving the
fluctuation forms, we have at our disposal the inlet and outlet
boundary conditions and the various matching conditions at the
zonal interfaces.

The geometry of interest, the coordinate system, and the zonal
configuration are indicated in Fig. 2. The flow domain is divided into
six zones: zone 1 is the inlet region of the duct; zones 2 and 3 are the
flow above and below the flameholder; zones 4 and 6 are upstream of
the flame; and zone 5 is downstream of the flame, containing
combustion products as well as unburned reactants. The mean flame
shape and the instantaneous flame shape due to the superimposed
perturbations are indicated in Fig. 2. It is assumed that the flame is a
thin sheet separating the cold reactants and the hot products and that
the heat release occurs only at the flame surface. For the flow
conditions of interest (see Table 1), the thin-flame assumption is
reasonable [35], as the ratio of the characteristic eddy size to the
laminar flame thickness of propane gas isO�102	 and the ratio of the
turbulent rms velocity to the laminar flame speed isO�10	. We also
assume that the flame base remains anchored to the bluff body, as
shown in Fig. 2.

E. Fluctuations Forms in Zones 1–6

From Fig. 2, it is clear that there is no unsteady heat release in any
of the six zones into which the domain is divided. Hence, the
pressure, density, velocity, and vorticity-fluctuation expressions
derived in Secs. II.A–II.C are valid in zones 1–6, except for zone 5,
which is not bounded by walls in the y direction. However, these
fluctuation expressions have to be adjusted to account for the
coordinate system indicated in Fig. 2. Fluctuation forms in zone 5 are
derived using the impermeability boundary condition at x� 0. We
now present the individual zonal forms of the pressure, density, and
velocity fluctuations.

Table 1 Flow conditions and geometry for the two LES

runs

Mean streamwise flow velocity �u 50 m=s
Mean pressure �p 1.0 atm
Mean incoming speed of sound �c 345 m=s
Mean incoming temperature �T 300 K

Mean temperature of burned gases �Tb 2300 K

Mean incoming Mach number �M 0.15

Incoming turbulence intensity 5%
Bluff-body height 0.5 in.
Bluff-body length 1.0 in.
Total duct height 3.0 in.
Duct length downstream of the bluff body 5.55 in.
Incoming equivalence ratio � 1.0
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1. Zone 1

An important aspect in obtaining the appropriate zonal fluctuation
expressions is that in addition to the impermeability boundary
condition at y� a and c in zone 1, we use the orthonormality
property of the cosine function between the two walls (at y� a and
c). To use orthonormality of the cosine function between y� a and
c, the generic form cos��n�=L	y	 is modified for zone 1 as

cos
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�
� cos

�
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�a�c
2
	

�
y � a� c

2

��

where Yzone 1 is the local transverse coordinate with Yzone 1 � 0 at
y� �a� c	=2. As a result, the orthonomality property is now
expressed as
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where �a � c	=2 is half of the y distance between the two walls at
y� a and c. We now arrive at the following fluctuation expressions
in zone 1:
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2. Zones 2 and 4

In zones 2 and 4, the total velocity fluctuations are a combination
of both acoustic- and vorticity-induced velocity fluctuations and we
use orthonormality between y� 0 and a. This gives rise to the
following equations:
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3. Zones 3 and 6

Vorticity-fluctuation contributions to the total velocity fluctua-
tions are included in zones 3 and 6 as well, giving rise to the
following expressions:
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4. Zone 5

As discussed earlier, fluctuation forms in zone 5 differ from those
in other zones, as they are not bound by walls in the y direction in
zone 5. In deriving the fluctuation forms in zone 5, we begin with the
following generic form (vorticity contributions are ignored in this
zone downstream of the flame):
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In zone 5, impermeability boundary condition can be applied along
the bluff-body wall at x� 0. This gives us

u0�x� 0; y; t	 � 0) k�n
�� �uk�n

A�n �
k�n

�� �uk�n
A�n � 0 (17)

Using the preceding relationship between A�n and A�n , we eliminate
either A�n or A�n from Eq. (16). After absorbing the remaining A�n or
A�n intoB�n , we get the following forms of the perturbations in zone 5:
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Hence, the total list of unknown coefficients is (subscripts 1 through
6 in the next equation are the zone numbers) as follows:

For acoustic modes,

�A�n 	1;2;3;4;6; �B�n 	5 (19a)

For vorticity modes,

�V̂n	2;3;4;6 (19b)

which are obtained using zonal boundary and matching conditions.
A detailed discussion of these conditions follows.

Again, we begin by deriving the generic zonal matching and
boundary conditions in Sec. II.F, which are subsequently modified
for the actual interfaces and inlet and exit boundaries in Secs. II.G
and II.H.

F. Generic Zonal Matching and Boundary Conditions

We employ the zonal-interface matching conditions and the inlet
and exit boundary conditions to derive the equations necessary to
solve for the unknown coefficients indicated in Eq. (19). Deriving the
matching conditions at the zonal interfaces involves integrating the
fluctuating forms of the continuity, momentum-, and energy-balance
equations in a differential volume of thickness dn normal to the
interface of interest (dn! 0). Next, we provide a generic discussion
of the zonal matching process, and consider transverse (y)
boundaries located at say y��L.

1. Linearized Continuity Equation

The linearized fluctuating continuity equation is given by

@�0

@t
�r � � ��u0 � �0 �u	 � 0 (20)

Multiplying Eq. (20) with cos�N�y=L	 (N > 0 is an integer) and
integrating over a differential volume dV of thickness dn normal to
the interface, we getZ

dV

dV cos

�
N�

L
y

�
@�0

@t
�
Z
dV

dV cos

�
N�

L
y

�
r � � ��u0�0 �u	 � 0

(21)

where L is half the distance between the two y boundaries, located at
say y��L. The first term in the preceding equation reduces to zero
as thickness dn! 0. Using divergence theorem, the second term
becomes a surface integral over the n� and n� faces of the
infinitesimal control volume. The other two control surfaces being
along the walls will have no contribution to the surface integralZ

S

dS cos

�
N�

L
y

�
� ��u0 � �0 �u	n�n� � 0 (22)

It is to be noted that the cos�N�y=L	 factor in the preceding integral
enables us to use the orthonormality property to reduce the preceding
integration to an algebraic equation in the unknown coefficients.

2. Linearized Momentum Equation

The linearized momentum equation is given by

@� ��u0 � �0 �u	
@t

�r � � �� �uu0 � ��u0 �u� �0 �u �u�p0	 � 0 (23)

Multiplying the preceding equation with cos�N�y=L	 and
integrating over a differential volume of thickness dn across the
interface, we getZ

S

dS cos

�
N�

L
y

�
�2 �� �u u0 � �0 �u �u�p0	n�n� � 0 (24)

3. Linearized Energy Equation

Neglecting kinetic energy and heat-release effects, the linearized
energy equation can be written as

@� ��e0 � �0 �e	
@t

� �

� � 1
r � � �up0 � u0 �p	 � 0 (25)

Using the same preceding procedure, we getZ
S

dS cos

�
N�

L
y

�
� �up0 � u0 �p	n�n� � 0 (26)

The preceding matching condition is, obviously, not valid at a flame
surface. We now move on to apply the preceding zonal matching
condition approach to the specific zonal interfaces � and � and the
flame matching conditions.

G. Continuity Matching Conditions at the � Interface

The � interface occurs between zone 1 on the upstream side and
zones 2 and 3 on the downstream side. At this interface, due to the
change in cross section from zone 1 to zones 2 and 3, orthonormality
can only be used in one of the three zones. We choose to use this
property in zone 1 and hence multiply both sides of the continuity
matching equation (refer Eq. (22)) with the factor:
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2
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2

��

Upon simplification, we get the following equation:Z
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Z
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dy cos
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�a�c
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�
y � a� c

2

��
� ��u0 � �0 �u	1 � 0 (27)

Next, we substitute the respective zonal expressions for u0 and �0 into
the preceding equation and apply orthonormality in zone 1 (third
term on the left-hand side of the preceding equation). Orthonormality
reduces the third integral to just one term, whereas the remaining two
integrals, corresponding to zones 2 and 3, will each have two
algebraic terms. One term will correspond to n� N and the other
n ≠ N. The end result will be an algebraic equation corresponding to
the continuity matching condition at the � interface. The details of
this derivation are quite involved and laborious and are skipped here.

Similar matching conditions can be derived for momentum and
energy equations at the � interface and are not included here in the
interest of brevity.
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H. Continuity Matching Conditions at the � Interface

At the � interface, we have separate matching conditions for the
interfaces between zones 2 and 4 and zones 3 and 6. Next, we simply
provide the continuitymatching equations and leave out details of the
corresponding momentum and energy equations.

For the interface between zones 2 and 4,

Z
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0
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�a
2
	

�
y � a

2

��
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�
Z
a

0
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��
� ��u0 � �0 �u	2 � 0 (28)

For the interface between zones 3 and 6,
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� ��u0 � �0 �u	3 � 0 (29)

The preceding equations are simplified into algebraic equations after
a number of manipulations identical to the process described for
continuity at the � interface.

I. Flame Matching Conditions

When applyingmatching conditions across theflame,we integrate
the governing equations in a differential distance dn normal to the
flame. The resultant linearized forms of the continuity, momentum,
and energy matching conditions are presented next.

1. Flame Continuity Matching Condition

� ��u0n � �0 �un	jn
�
n� � 0 (30)

where subscript n refers to the vector component along the normal
vector to the flame.

2. Momentum Matching Condition Normal to the Flame

�2 �� �unu0n � �0 �un �un � p0	jn
�
n� � 0 (31)

Assuming �un= �c� 1, we can write the linearized normal
momentum-balance equation as

�p0	jn�n� � 0 (32)

3. Flame Energy Matching Condition

The linearized energy equation here has an unsteady heat-release
term, as shown next:

@� ��e0 � �0 �e	
@t

� �

� � 1
r � � �up0 � u0 �p	 � q0v (33)

from which we get

� �unp0 � u0n �p	jn
�
n� �

� � 1

�
Q0flame (34)

where Q0flame represents oscillations in the heat release per unit
surface area of the flame.

Equations (30), (32), and (34) are applied across zones 4 and 5 and
zones 5 and 6, giving rise to additional algebraic equations that form
part of the larger system of equations to be solved for the unknown
coefficients. Note thatQ0flame is not an inhomogeneous term, as heat-
release fluctuations are ultimately expressed in terms of velocity
fluctuations through the flame-response function and then combined

with the terms on the left-hand side of Eq. (34). We will now
demonstrate the functional form of the flame-normal fluctuating
velocity u0n that arises in Eq. (34).

4. Functional Form of u0n

The flame-normal fluctuating velocity will be expressed in terms
of the local streamwise and transverse velocity fluctuations u0 and v0

and the local flame-normal vector n̂. Let us first determine n̂. We
know that

n̂� r
�F

jr �Fj
(35)

where �F�x; y	 � x � �f�y	 � 0 is the mean flame-shape equation.
This gives us

n̂� 1�������������������
1� �@ �f

@y
	2

q î �
@ �f
@y�������������������

1� �@ �f
@y
	2

q ĵ (36)

where î and ĵ are unit vectors in the x and y directions, respectively.
We can then write u0n as follows:

u0n � �u0 î� v0ĵ	 � n̂�
1�������������������

1� �@ �f
@y
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q u0 �
@ �f
@y�������������������

1� �@ �f
@y
	2

q v0 (37)

The mean flame shape �F�x; y	 is obtained from 2-D LES runs, as
already indicated.

J. Inlet and Exit Boundary Conditions

1. Inlet Impedance Boundary Condition

The inlet boundary condition is usually specified in terms of
known impedanceZinlet. In the current study,Zinlet was obtained from
the 2-D LES study by averaging the impedance, defined as p0=u0,
across the inlet. We have

Zinlet �
p0

u0

����
x�d

(38)

Multiplying both sides of the preceding equation with

cos

�
N�

�a�c
2
	

�
y � a� c

2

��

and integrating across the inlet cross section at x� d, we get
Z
a

c

dy cos

�
N�

�a�c
2
	

�
y � a� c

2

��
p0jx�d

� Zinlet

Z
a

c

dy cos

�
N�

�a�c
2
	

�
y � a� c

2

��
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Using orthonormality, as before, the preceding equation can be
reduced to an algebraic equation in the perturbation coefficients.

2. Exit Boundary Condition

For a choked nozzle exit, we have the following equation:

�
2u0

�u
� �

0

��
� p

0

�p

�����
x�f
�0 (40)

which gives a linear algebraic equation using the procedure outlined
for the inlet boundary condition.
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K. Equation Assembly and Solution

Upon substantial algebraic manipulation and assembly of the
various equations, along with the boundary andmatching conditions
discussed earlier, we arrive at a homogeneous matrix system of the
form

CA � 0 (41)

where C is the coefficient matrix and A is the variable vector
consisting of the modal amplitudes in the various zones: �A�n 	, �B�n 	,
and �V̂n	. Because the precedingmatrix equation represents a system
of homogeneous linear equations, a unique nontrivial solution exists
only when det�C	 � 0, which allows us to compute the complex
eigenmodes���real � i�imag. The real and imaginary parts of�
correspond to the frequency and growth/decay rates of the combustor
mode. Because the temporal functionality of the perturbations is
represented by ei�t, it is clear that unstablemodes� that grow in time
have a negative imaginary part. Thus, a linear analysis will only
provide the unstable modal shapes and frequencies and is silent on
the limit-cycle behavior of the unstable modes. To investigate the
limit-cycle behavior, one has to rely on nonlinear stability analysis.

Next, we present details of theG-equation approach used to derive
the flame-response function that relates Q0flame to flame-surface-area
oscillations.

III. Flame-Response Model

The energy matching condition across the flame, given by
Eq. (34), contains the heat-release term Q0flame representing
oscillations in heat release per unit surface area of the flame. A flame-
response model is needed to compute Q0flame as a function of the
flame-surface-area fluctuations that in turn are a function of upstream
velocity and vorticity fluctuations. The geometry of interest is
illustrated schematically in Fig. 2. The duct height is taken to be
D� �a � c	 and theflame is assumed to have amean spatial extent f
along the axial direction.

A. Basic Formulation

The instantaneous heat release per unit time from a differential
element of area dAin along the flame front is given by

~Q�t; y	 � �~sL ~hr d ~Ain (42)

Introducing a turbulent flame speed sT in the preceding equation, the
ensemble-averaged heat release Q�t; y	 can be expressed as

Q�t; y	 � �sThr dA (43)

where dA is now the area element on the mean flame surface defined
by the turbulent flame speed sT . Splitting each term on the right-hand
side of the preceding equation into time-mean and time-fluctuation
components, we get
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Time-averaging the preceding expression gives
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Subtracting Eq. (45) from Eq. (44), we obtain the equation for the
fluctuations in q�t; y	:
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r
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where the nonlinear terms are
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Thus, the ensemble-averaged heat-release ratio per unit area is given
by
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B. Linearized Heat-Release Model

Retaining terms that are first order in fluctuating quantities,
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r

�hr
� dA0

d �A
(49)

Taking the Fourier transform with respect to time, we get

q̂0��; y	
�q�y	 �
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�sT
� ĥ

0
r
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� dÂ

0

d �A
(50)

Note that the linearized perturbations are coherent in nature (i.e.,
different from the stochastic turbulent fluctuations) and are imposed
on ensemble- and time-averaged conditions of the system.Assuming
a premixed flame (i.e., no perturbations in the equivalence ratio), the
first two terms on the right-hand side of Eq. (50) can be neglected (see
Fig. 3). Hence, we retain only the flame-surface-area fluctuation term

dÂ
0
=d �A, which is a result of the coherent perturbations superimposed

on the mean flow conditions. We assume that the mean flame shape
and the perturbed flame shape (due to coherent perturbations) are
simply connected and single-valued. This assumption is valid
because we are only interested in the stability of the mean system
conditions when subjected to low-amplitude (compared with the
mean) perturbations.

From Eq. (50), it is required to determine the flame-surface-area
fluctuation at the forcing frequency. The coherent component of the

flame-surface oscillation (i.e., dÂ
0
=d �A) at any time is governed in the

corrugated flamelet regime by the following the G-equation:

@G

@t
� v � rG� sT jrGj (51)

Equivalence Ratio
Perturbation

Heat of Reaction

Flame Speed

Flame Area

Heat Release 
Oscillation

Direct Effect

Velocity Perturbation

Indirect Effect

Flame Area
Heat Release 

Oscillation

Fig. 3 Fundamental processes causing heat-release oscillation due to

equivalence ratio and velocity perturbations (in the current analysis,

only velocity perturbations give rise to heat-release oscillations).
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It is assumed that the coherent flame surface is simply connected and
single-valued. As such, this leads to the choice of G�x; y; t	�
x � f�y; t	, where f�y; t	 is shown schematically in Fig. 2. Using this
expression for G in Eq. (51), we have

ft � u� vfy ��sT
��������������
1� f2y

q
(52)

where subscripts denote differentiation. Separating the preceding
into a steady mean component and a fluctuating component and
linearizing, we obtain
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q
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Splitting the preceding equation into two equations for the time-
mean and time-fluctuating components, we obtain
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Assuming harmonic temporal variations for fluctuating quantities

(e.g., f0�y; t	 � f̂0�y	ei�t), we have
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The preceding equation is then made dimensionless using

F̂� f̂=Lf; �y� y=a; û�n � ûn= �u; �� Lf=a (58)

Thus, we have for the flame-surface shape,
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We now use the boundary condition that the flame stays attached to
the bluff body at all times. Integrating Eq. (59) using the boundary
condition yields
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Now consider an area element on the flame surface. We have
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Decomposing dA into mean and fluctuating quantities, we get the

following expression for the area ratio dÂ
0
=d �A:
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Differentiating Eq. (61) with respect to �y, we have
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Using the preceding in Eq. (63) yields the desired result:
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The preceding equation relates flame heat-release fluctuations per
unit surface to those in theflame-surface area.We can input anymean
flame shape of interest into the preceding equation and obtain the
appropriate expression for the heat-releasefluctuation rate. Themean

flame shape �F �y and the mean heat-release rate �q are both obtained
from the 2-D LES simulations.

The preceding expression for Q0flame= �q completes the reduced-
order model developed in the previous sections. We now proceed to
discuss the application of the total model to a bluff-body-stabilized
flame and compare model predictions with 2-D LES results, when
available.

IV. Results and Model Validation

For testing the reduced-ordermodel in conjunctionwith theflame-
response function, a simplified single-element flameholder was
analyzed, as shown in Fig. 2. Five test cases with varying geometries
(i.e., duct length and height),flameholder locations (with andwithout
vertical offset), and mean flame shapes were considered. Two of the
cases had resolved-LES data to compare with. We begin with a
discussion of the results obtained from the 2-D LES study.
Subsequently, a discussion of the various test cases and of the
unstable-frequency predictions obtained using the reduced-order
model are presented.

A. Two-Dimensional LES Study

The commercial CFD code CFD-ACE+, originally developed at
CFDResearch Corporation, has been used to perform the LES study.
CFD-ACE+ is a highly validated code that has been used both in
government laboratories and in industry for more than a decade now.
The localized dynamic subgrid-kinetic-energy model [36] was used
to compute subgrid-scale stresses in the filtered Navier–Stokes
equations.

Two highly resolved 2-D LES runs of a premixed propane–air-
mixture flow over a bluff body were performed. Near-wall grid
resolution employed was sufficiently fine for the purposes of
resolved LES, with y� � 1. In the first case, the bluff body was
located symmetrically between the two transverse (y direction)
boundaries of the domain, whereas in the second case, the bluff body
was 0.1 in. closer to the top wall than to the bottom wall. Freestream
conditions for both LES runs are identical and are indicated in
Table 1, and the LES flameholder geometry is given in Fig. 4. Mean
flow data from the two LES runs serve as inputs to the reduced-order
model.

Mean temperature contours for the two cases are shown in Fig. 5.
In Fig. 5a, in which the bluff body is located symmetrically between
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the two y-direction boundaries, we can clearly observe the flame-
surface instabilities. From Fig. 5b, it is clear that a small vertical
offset of 0.1 in. toward the top wall damps out the instabilities
observed without the vertical offset. This fact is further elucidated by
the frequency spectra of pressure for the two cases, which are
presented in the next subsection.

B. Reduced-Order-Model Results

1. Case 1 (Baseline Case)

The flow and geometrical parameters for this case are obtained
from 2-D LES and are presented in Table 1. The main geometrical
feature of this case is that the bluff body is located symmetrically
between the top and bottom walls of the duct: that is, the bluff body
has no vertical offset.

Previous 2-D reacting-flow LES calculations of this baseline case
predicted a transverse instability (see Fig. 5a). Thus, this case

provided a good test case for the reduced-order analysis. The mean
flame shape in the 2-D LES study was obtained by ensemble-
averaging over a large number of temporal snapshots of the flame.
Theflame-shape temporal snapshotswere collected over a number of
flow-through times (time taken by themean flow from the inlet of the
domain to the exit) after the LES had reached a statistically stationary
state. The spatial �x; y	 coordinates of the mean flame shape were
then extracted and provided as input to the reduced-order model.

Shown in Fig. 6 is a plot of the amplitude of pressure oscillations
vs frequency (�real=2� according to our notation) obtained by a
Fourier transform of 2-D LES time-series data into the frequency
domain. Three dominant frequencies (at approximately 1200, 4400,
and 8600 Hz) are clearly seen in Fig. 6. These frequencies
are believed to correspond to a fundamental axial mode (1200 Hz)
and a fundamental transverse mode (4400 Hz) and its harmonic
(8600 Hz).

The baseline case was run through the reduced-order analysis
code, and the unstable-frequency predictions and growth rates
obtained are compared with LES predictions in Table 2. Reasonably
good agreement between the LES and reduced-order model
predictions is seen. Also presented in Table 2 are unstable
frequencies that are captured by the reduced-order model, but not
observed as large amplitude oscillations in the LES data. These
additional unstable modes are probably harmonics of fundamental
modes that have been damped out in the LES analysis.

Simple acoustic analysis shows that the 4556 Hz frequency is
determined by the height of the duct, whereas the 1200 Hz mode is
most probably determined by the axial length of the duct downstream
of the flameholder. We can also see that qualitatively the fastest
initial growth rate seen for the 8912Hz corresponds to the maximum
amplitude seen in Fig. 6 for this mode. Further, the axial harmonics
2414 and 3731 Hz have the slowest initial growth rates, which is in
qualitative agreement with the lower amplitudes seen for these
frequencies in Fig. 6.

0.5in 3.0in

5.5in
Fig. 4 Schematic of bluff-body flameholder geometry for 2-D LES
(flow is from left to right).

Fig. 5 Two-dimensional LES temperature contours with a) no vertical

offset and b) a 0.1 in. vertical offset.
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Fig. 6 Pressure oscillation amplitude vs frequency data obtained from

2-D LES with no vertical offset of the bluff body.

Table 2 Comparison of LES and model predictions for case 1

LES frequency,
Hz

Model-predicted
unstable frequency,

Hz

Growth-rate
parameter
�imag

Probable mode type

1200 1306 �20:3 Axial (fundamental)
—— 2414 �12:2 Axial (first harmonic)
—— 3731 �18:6 Axial (second harmonic)
4400 4556 �33:6 Transverse (fundamental)
8600 8912 �46:2 Transverse (first harmonic)
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2. Case 2

All flow conditions and geometry for this case are same as those
for the baseline case, except for the duct height, which is 1.5 times the
duct height of the baseline case (4.5 vs 3.0 in.). The flameholder is
located symmetrically between the two duct walls. This case was
chosen to determine the effects of duct height on unstable modes
predicted by the reduced-order model. However, there are no LES
results to compare with for this case. Unstable frequency predictions
and their growth rates are shown in Table 3. The predicted
fundamental transverse frequency (3244 Hz) correctly reflects the
effect of increased duct height on the unstable-frequency
magnitudes, i.e., increase in duct height leads to a reduction in the
fundamental transverse frequency and its harmonics. The
fundamental axial mode, however, does not change significantly,
which is to be expected because the duct length is the same as in
case 1.

3. Case 3

This case is same as the baseline except for the duct length
downstream of the bluff body (f in Fig. 2), which is twice that of the
baseline case (11.0 vs 5.5 in.). There are no LES data for this case as
well. The predicted axial fundamental frequency is 856 Hz for this
case (see Table 4), which is to be expected because of the increased
duct length. The transverse unstable frequencies did not change
significantly compared with the baseline case, also as expected.

4. Case 4

The flow parameters in case 4 are identical to those in case 1. The
flame shape, however, differs from that in Fig. 2. The new flame
configuration is shown in Fig. 7. This time, theflame touches thewall
at x� f. There is, however, no LES data for this case. The purpose of

this case was to investigate combustion instability when the flame
touches the walls.

Unstable mode frequencies for case 4, obtained from the reduced-
order model, are tabulated in Table 5. It is observed that there is an
increase in the values of unstable transverse frequencies from
4556Hz in case 1 to 4810Hz in case 4, and from 8912Hz in case 1 to
9245Hz in case 4. On the other hand, the growth rates of thesemodes
when the flame touches the walls are lower than when the flame does
not touch the walls (case 1). Thus, the reduced-order model predicts
that theflame-wall interaction results in smaller initial growth rates of
the linearly unstable modes.

5. Case 5

The flow and geometrical parameters for this case are identical to
those for case 1, but the bluff body is offset vertically toward the
upper wall by 0.1 in. The 2-D LES study for this case shows low-
amplitude pressure oscillations across the entire frequency range (see
Fig. 8).

Model predictions for the offset and the zero-offset flameholder
configurations are presented in Table 6. The reduced-order model
predicts essentially the same unstable frequencies for the offset case
as the zero-offset baseline case. However, the initial growth rates of
unstable frequencies for the offset case are lower than those for the
baseline case. Whether this translates into the LES-observed lower
limit-cycle amplitudes for the offset case is open to conjecture. A
nonlinear analysis will be required to determine these limit-cycle
pressure amplitudes.

V. Conclusions

Detailed derivation of a 2-D reduced-order model and the flame-
response function for a flameholder-stabilized flame of arbitrary
mean shape was presented. Highly resolved 2-D LES simulations
were performed for two configurations: without (case 1) and with
(case 5) vertical offset of the bluff body. In the former configuration,

Table 3 Effect of duct height increase on unstable modes

Model-predicted
unstable frequency,

Hz

Growth-rate
parameter

�imag

Probable mode type

1354 �16:7 Axial (fundamental)
1880 �36:2 Mixed mode
3244 �20:6 Transverse (fundamental)
4114 �19:4 Axial (second harmonic)
6886 �38:3 Transverse (first harmonic)
9356 �41:2 Transverse (second

harmonic)

Table 4 Effect of duct length increase on unstable modes

Model-predicted
unstable frequency,

Hz

Growth-rate
parameter
�imag

Probable mode type

856 �33:8 Axial (fundamental)
1346 �31:4 Axial (first harmonic)
4443 �26:4 Transverse (fundamental)
8712 �42:3 Transverse (first harmonic)
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Fig. 7 Flame configuration for case 4 with the flame touching the top
and bottom walls.

Table 5 Unstable frequency data obtained from the reduced-order

model for case 4

Model
frequency,

Hz

Growth-rate
parameter �imag

Probable mode type

1389 �18:1 Axial (fundamental)
1870 �9:3 Mixed
4810 �26:3 Transverse (fundamental)
9245 �32:5 Transverse (first harmonic)
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Fig. 8 Pressure oscillation amplitude vs frequency data obtained from

2-D LES with the bluff body offset vertically by 0.1 in.
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LES predicts a dominant transverse mode, whereas in the latter, the
small vertical offset is shown to damp out this mode. Good
quantitative agreement was found between the model predictions
and 2-D LES data for case 1. For case 5, the model predicts unstable
frequencies with smaller growth rates than those of the
corresponding unstable modes in case 1. But no information can
be drawn regarding the limit-cycle behavior of the model-predicted
unstable modes for case 5, and we can only say that the model shows
qualitative agreement with LES. Variations in duct geometry also
produced qualitatively consistent model unstable-frequency
predictions.
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